Abstract -We consider the evolution of a thin film of viscous fluid on the inside surface of a cylinder with the horizontal axis, rotating with a constant angular velocity about this axis. We use a lubrication approximation extended to the first order in the dimensionless film thickness (including the small effects of the variation of the film pressure across its thickness and the surface tension) and numerically we compute the time evolution of the film to a steady state.
Introduction
Rimming flows, where a thin film of liquid is entrained on the inside of a rotating cylinder, are of considerable practical significance. In rotational moulding [18] , liquid thermosetting plastic is placed inside a mould, which is then rotated to distribute the liquid as uniformly as possible. In coating fluorescent light bulbs, a suspension consisting of a coating solute and a solvent is placed inside a spinning glass tube. Subsequently the solvent is evaporated off to leave the coating on the inside of the tube.
A much earlier preceding theoretical work made use of the lubrication approximation, where the inertia and pressure terms of the Navier-Stokes equations were dominated by viscous effects and gravity. The work used a leading-order lubrication theory [8] and was developed further in [6] , where the lubrication approximation was used to calculate the steady-state distribution of film around a cylinder. Johnson [6] also developed several higher-order models, describing the effects of inertia, surface tension, and transverse (axial) variability. More recently Wilson, et al. solved the evolution equation numerically [19] . An investigation of the shock structure along the lines of [9] would also be worthwhile.
The present paper has the following structure: in Sections 2 and 3, we formulate the problem mathematically-physically and mathematically, and derive a dimensionless model evolutionary equation. In Section 4, we briefly describe the equidistribution principle and the moving mesh technique. Numerical results are obtained in Section 5, which track the location of any shock and confirm the behavior predicted in [10] .
The physical problem
The flow of a thin film of a viscous liquid placed in a cylindrical tube of radius R whose axis is horizontal and which is rotating with a constant angular velocity ω, as in Fig. 1 , has attracted considerable interest in the scientific literature [1] [2] [3] [4] [5] [6] . The liquid is entrained onto the cylinder wall and, given suitable wetting properties, a continuous film can be obtained.
There are obvious industrial applications, a typical example being the process of coating the inside of cylindrical fluorescent light tubes. Such a tube consists of a hollow glass cylinder coated with a thin layer of submicron phosphor particles which give the light from the tube its characteristic color. To obtain a uniform coating of this type, the particles are suspended in an inert liquid (e.g., water) and the resulting liquid suspension is used to coat the inside of the tube. If a suitably uniform suspension coating is attained, the excess liquid is evaporated off (for example, by strategic location of heating elements) the final result being a (uniform) coating of phosphor particles.
The work of Moffat [8] and Johnson [6] in identifying the main features of rimming flow must be acknowledged and in particular the work of Johnson in noticing the relevance of the discontinuous solutions. For convenience we will follow here the development of [10] where steady solutions were classified according to the value of a single dimensionless parameter (the dimensionless film thickness). With this approach, when the dimensionless film thickness H 0 < 0.7071, the steady solutions are smooth and the flux q < 2/3. If H 0 0.7071, shocks form and the solution can be obtained from a single master curve [10] . More recently, attention has been directed to the stability of these flows [13, 14] .
The mathematical problem
We formulate the problem using the polar coordinates r * and θ with the origin on the cylinder axis (see Fig.2 ). It is more convenient to fix the coordinate axes rather than allow the axes to rotate with the cylinder. This would require a rotating gravity vector. The dimensional film thickness is then given by R − h * (θ, t * ), and the relevant flow equations are the Stokes equations:
) is the liquid velocity vector, and g is the gravity vector. In addition, we assume that the liquid is incompressible and, hence, the velocity vector must satisfy ∇ · u * = 0. We impose the following boundary conditions:
whereas on the free surface r * = h * (θ, t * ) we assume that the air exerts zero tangential and normal stress on the liquid while the surface tension gives rise to a jump in the pressure across the interface, i.e.,
where n * and t * are the unit normal and tangent vectors to the liquid free surface, T is the liquid stress tensor, and κ is twice the mean curvature. The free surface is defined parametrically by the vector valued function r * = h * (θ)e r , where e r is the unit vector in the radial direction. If s is the arc-length, then ds dθ = h * 2 + h * 2 θ and the curvature κ is easily found to be
We apply the kinematic condition on the unknown free surface, i.e.,
where q * is the dimensional liquid flux
The average film thickness is given by
The scaled problem
We nondimensionalize as follows:
and H is the typical film thickness discussed below. In addition we define = H 0 * /R and we will assume that H 0 * R while noting that the volume fraction V = (
, so that the assumption of the small volume fraction V 1 is approximately equivalent to the assumption that 1. In applications V will typically be quite small, so we will use as a small parameter in a perturbation expansion.
There are two possible choices for the characteristic film thickness H. The "natural" choice in a thin film approximation [10] is to use the average film thickness, i.e., to let H ≡ H * 0 although we will modify this presently. With this choice the average dimensionless film thickness becomes H 0 = 1. We also define
where δ is the dimensionless rotation rate. For the development which follows we require
with the boundary conditions
. Following [14] , and extending to the next order, we obtain
We now choose to rescale the film thickness, so that H ≡ (ωRν/g) 1/2 [10] in which case the dimensionless film thickness becomes
and H 1 = 1. Equation (2) suggests that δ = O( ). Furthermore, in this instance the effective small parameter is /H 0 = δ and the asymptotic development is dependent on δ 1, as was already suggested after (1) . With this new nondimensionalization we choose T = 1/ω. The dimensionless liquid flux is now [6] 
R/g (the Froude number) acting as a measure of the relative importance of gravity and centrifugal effects. The kinematic free surface condition is equivalent to
From a practical point of view, we are interested in the solutions corresponding to physical reality. It is well known [8] that the leading order version of this equation develops shock discontinuities in times of O(1). If we consider the full evolution equation, then it is clear that the higher derivative terms will play an important role in smoothing the shocks, so we choose to preferentially promote the smoothing terms [11, 12] . We will also include some of the second-order terms which can be significant with respect to stability of the solutions [13, 14] . Thus, we will consider the following simplified form of the evolution equation
supplemented by periodic boundary conditions and the initial condition h(θ, 0) = h 0 (θ).
Moving mesh method
In any consideration of appropriate numerical methods for the solution of the rimming flow problem, moving mesh methods must rank highly, as they allow for the accurate tracking of the shock location. Moving mesh, or r-refinement, methods transform the spatial grid continuously and automatically in the space-time domain; the discretization of the partial differential equation and the moving mesh procedure are intrinsically coupled; a fixed number of grid points is used and the grid points move with the shock or pulse. Examples of such methods can be found in [3, 17, 20] . Fundamental to all these methods is a coordinate transformation from the physical space (a nonuniform mesh for the original partial differential equation) to the computational space, where a uniform mesh is used. In the case of (3), this involves the transformation θ = θ(ξ, t) from the uniform ξ-space to the nonuniform θ-space. One of the most common mechanisms for moving a mesh is the equidistribution principle; cf., de Boor [2], Ren, et al. [16] . In this case the (inverse) coordinate transformation for (3) is
where M ≡ M (θ, t) is the monitor function for (3). Then, if the (time-dependent) spatial mesh points are
where numerical approximations h i to h(θ i , t) will be obtained, and if a uniform mesh, ξ i = i/N , is used in the ξ-space, (4) can be discretized as
If the time derivative is expressed in a Lagrangian form, (3) becomeṡ
whereḣ andθ denote derivatives with respect to time. In the moving mesh method used here, a mesh generating equation, based on equidistribution of the arc-length monitor function,
is combined with (5) to produce a system of equations, which determines the time evolution of θ(t) and h(θ, t). While alternative monitor functions based, for example, on curvature, might also be valid for this problem, we do not consider their use in this paper. The node speedθ is obtained from the solution of the (semidiscretized) moving mesh partial differential equation, which was derived, and named M M P DE4:
where τ represents a timescale parameter which prevents the mesh equations from being too stiff and allows the use of an arbitrary initial mesh [4] 
where M i is the discretized arc-length monitor function
andM i is a smoothing of M i as defined in [5] , which serves to prevent temporal oscillations and, hence, produces a smoother mesh trajectory. Note that M M P DE4 was found to be the most accurate of the various M M P DEs derived in [4] .
Using a method of lines approach, equation (5) is semidiscretized by approximating all the spatial derivatives with centered differences; in particular, the third derivative term is approximated by applying the standard centered second-order difference operator, followed by the standard centered first-order operator; this first-order operator is then applied to the resulting product with h 3 . While this discretization works, alternate discretizations such as those derived in [21] might prove to perform even better. The resulting equation is coupled with the semidiscretized MMPDE4. This coupled system of equations for the mesh and the solution is solved using a double precision implementation DDASSL of the DASSL differential algebraic system solver [15] . Note that collocation methods have also been shown to be useful for adaptive mesh problems, as they yield good error estimates on nonuniform meshes; we do not consider such methods in this paper. , θ i = θ N +i for all i; thus, the difference operators are allowed to "wrap around" as much as necessary.
Numerical results
The location and behavior of the shock will depend on the initial condition, and the steepness of the shock will depend on the value of δ: the smaller the value of δ, the steeper the shock. As δ → 0, the system will eventually become too stiff for the numerical method. All the calculations were carried out with the DDASSL parameters rtol and atol , corresponding to the relative and absolute error tolerances of the numerical integration, respectively, both set to be 10
, and with the initial condition h 0 = a constant. The results in Table 1 were obtained with the initial condition h 0 = 0.75 and τ = 10 . In each case, the error e l ∞ is estimated by subtracting from the numerical solution obtained the numerical solution of (3), appropriately interpolated, using a piecewise uniform mesh with 2001 mesh points, with half of the mesh points placed in the interval [−π/2, 0]. In Table 1 we study the effect of reducing the value of δ on the performance of M M P DE4. As δ → 0, the error increases, and for large values of N , the method becomes very expensive, e.g., when N = 496 and δ = 10 . In Table 2 we study the effect of the timescale parameter τ on the performance of M M P DE4 for different values of δ. For large values of τ , the mesh hardly moves at all, which leads to high errors and failure of the method for τ = 4 × 10 , as the shock is not resolved. As τ decreases, the mesh tracks the position of the shock much better, thereby decreasing the errors. From Figs. 2, 3 , and 4 it can be seen that the nodal error is maximum when the shock forms and, as might be expected, that is also when the time step attains its minimum value. Once the mesh points have been relocated to the region of the shock, the error decreases, allowing the time step to increase. Once the steady state is reached, at about t = 9, the time step size increases to its maximum value, and also at this stage the graph for the nodal error flattens out as seen in Fig. 2 . From Fig. 7 it is seen that as time increases, the maximum mean film thickness increases, and the solution starts to steepen until the critical time t c = 2.5, at which a shock forms. Fig. 7 shows the solution at t = 3 when the shock is well developed. Also shown in Fig. 4 is the trajectory of the grid points up to t = 15, obtained when N = 62, τ = 10 ; the ability of the moving mesh method to capture and follow the moving shock is clearly demonstrated in this figure. Fig. 8 and 9 show the minimal spacing, that is, the minimum distance between two mesh points of the grid at a specific time for the values δ = 10 , because if τ is reduced from this value, the minimal spacing does not change. Once the steady state is reached, the minimal spacing remains constant. 
Conclusions
The moving mesh method presented successfully tracks the evolution of the shock layer and confirms the location of the steady-state shock location predicted in [10] . The dependence of the shock location on the value of the initial condition (h 0 > 0.7071) and the dependence of the steepness of the shock on the value of δ can be seen in Table 3 . The numerical method fails for δ < 10
, as the coupled system becomes too stiff. 
